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Abstract
Composition duality principles for the qualitative and finite element analysis of primal and dual evolution mixed variational
inclusions in reflexive Banach spaces are presented. A general distributed control diffusion problem illustrates the theory.
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1. Introduction
Primal and dual mixed variational formulations of parabolic evolution problems constitute fundamental models
in computational mechanics. In this paper, we present composition duality principles for the qualitative and finite
element analysis of such evolution mixed problems. In general, composition duality principles establish relations
between mixed solutions and corresponding primal or dual solutions for well-posedness and convergence analysis.
The method consists in the application of compositional dualization under appropriate compatibility conditions. For
evolution mixed inclusions, the compatibility condition considered here corresponds to the classical one used in
convex optimization [1], while for corresponding mixed finite element schemes, the compatibility condition is the
coupling operator surjectivity proposed in [2] as a general operator version of the Ladysˇenskaja–Babusˇka–Brezzi
inf–sup condition [3–5].
As a representative application of the theory, we briefly consider an evolution general distributed control problem
of diffusion of mass or energy.
2. Primal evolution mixed variational inclusions
Let V and Y be two reflexive Banach spaces with topological duals V ∗ and Y ∗. Let H be a Hilbert pivot space
for V ; i.e., H identified with its dual is such that V ⊂ H ⊂ V ∗ with continuous and dense embeddings. Let
∂F : V → 2V ∗ and ∂G∗ : Y ∗ → 2Y be the subdifferential operators of proper, convex and lower semicontinuous
functionals F : V → R ∪ {+∞} and G∗ : Y ∗ → R ∪ {+∞}, respectively. Let Λ ∈ L(V, Y ) be a linear
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continuous operator with transpose ΛT ∈ L(Y ∗, V ∗). Let R(Λ) ⊂ Y denote the range of operator Λ. Moreover,
for T > 0 fixed and arbitrary, let (0, T ] be the time interval of computational interest. Let V = L p(0, T ; V ) =
{v : [0, T ] → V | ‖v‖V = [
∫ T
0 ‖v(t)‖pV dt]1/p < ∞}, 2 ≤ p < ∞, be the primal evolution reflexive
Banach space with topological dual V∗ = L p∗(0, T ; V ∗), p∗ = p/(p − 1), and define the primal solution space
W = {v : v ∈ V, dv/dt ∈ V∗} ⊂ C(0, T ; H) endowed with the norm ‖v‖W = ‖v‖V + ‖dv/dt‖V∗ , as well as the
dual solution reflexive Banach space Y∗ = L p∗(0, T ; Y ∗) with dual Y = L p(0, T ; Y ) [6]. Then, as a primal evolution
mixed variational inclusion, we consider the following problem.
Given f ∗ ∈ V∗, g ∈ L p(0, T ;R(Λ)) and u0 ∈ H, find (u, p∗) ∈W × Y∗ :
−ΛT p∗ ∈ du/dt + ∂F(u)− f ∗, in V∗,
Λu ∈ ∂G∗(p∗)+ g, in Y,
u(0) = u0.
(M)
Let intD(G) denote the interior of the effective domain of the conjugate of functional G∗, G : Y → R ∪ {+∞}.
Recall that the primal functional G is the superpotential of the inverse (in the graph sense) of the dual subdifferential
∂G∗, ∂G; i.e., y ∈ ∂G∗(y∗)⇔ y∗ ∈ ∂G(y) [7]. For the analysis of problem (M), we introduce the primal evolution
compatibility condition
intD(G) ∩R(Λ) 6= ∅. (CG,Λ)
This condition corresponds to the classical compatibility condition used in convex analysis [1], which guarantees the
validity of the compositional operator equality
∂(G ◦ Λ) = ΛT∂G ◦ Λ. (1)
Then the following composition duality principle is readily obtained by dualization.
Theorem 1. Let condition (CG,Λ) be fulfilled. Then primal evolution mixed problem (M) is solvable if, and only if,
the primal evolution problemGiven f
∗ ∈ V∗, g ∈ L p(0, T ;R(Λ)) and u0 ∈ H, find u ∈W :
0 ∈ du/dt + ∂F(u)+ ∂(G ◦ Λ)(u − wg)− f ∗, in V∗,
u(0) = u0,
(P)
is solvable, where wg ∈ V is a fixed Λ-preimage of function g. That is, if (u, p∗) ∈W × Y∗ is a solution of problem
(M) then primal function u is a solution of problem (P) and, conversely, if u ∈W is a solution of problem (P) then
there is a dual function p∗ ∈ ∂G(Λu − g) ⊂ Y∗ such that (u, p∗) is a solution of problem (M).
Proof. Under condition (CG,Λ) that implies (1), the principle clearly follows by taking into account the duality
relation
Λu ∈ ∂G∗(p∗)+ g ⇐⇒ p∗ ∈ ∂G(Λu − g) (2)
for the dual inclusion of problem (M). 
Therefore, in terms of the above composition duality principle, the qualitative analysis of primal evolution
mixed problem (M) can be performed on the basis of the qualitative analysis of its own primal evolution
problem (P); i.e., existence and uniqueness of solutions, continuous dependence on the data, Lyapunov stability,
evolutionary behavior at infinity, comparison theorems and regularity in time, among other relevant issues. This is the
methodological importance of Theorem 1.
Let us next consider stationary states of problem (M), which are governed by the primal mixed inclusion
problem
Given f ∗s ∈ V ∗, gs ∈ R(Λ), find (us, p∗s ) ∈ V × Y ∗ :
−ΛT p∗s ∈ ∂F(us)− f ∗s , in V ∗,
Λus ∈ ∂G∗(p∗s )+ gs, in Y.
(M)
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Following [2], as was demonstrated, the compatibility condition for the qualitative analysis of primal mixed variational
inclusions (or inequalities) through composition duality principles is the dual condition
ΛT ∈ L(Y ∗, V ∗) is surjective, (CΛT )
which is in fact equivalent to the lower boundedness of its transpose Λ ∈ L(V, Y ) [8]. Indeed, by convex dualization,
and compositional dualization under condition (CΛT), the primal equation of problem (M) satisfies the operator
relations (see Lemma 2.1∗ of [2])
−ΛT p∗s ∈ ∂F(us)− f ∗s ⇐⇒ us ∈ ∂F∗(−ΛT p∗s + f ∗s )
⇐⇒ −Λus ∈ ∂(F∗ ◦ (−ΛT))(p∗s + r f ∗s ), (3)
where F∗ : V ∗ → R ∪ {+∞} is the conjugate of primal functional F and r f ∗s ∈ Y ∗ is a fixed −ΛT-preimage of
function f ∗s . Then the solutions of mixed problem (M) are related to those of its own dual problem in accordance with
the following principle [2].
Theorem 2. Let condition (CΛT) be satisfied. Then primal stationary mixed problem (M) has a solution if, and only
if, the dual stationary problem{
Given f ∗s ∈ V ∗, gs ∈ R(Λ), find p∗s ∈ Y ∗ :
0 ∈ ∂G∗(p∗s )+ ∂(F∗ ◦ (−ΛT))(p∗s + r f ∗s )+ gs, in Y,
(D)
has a solution. That is, if (us, p∗s ) ∈ V × Y ∗ is a solution of problem (M) then dual function p∗s is a solution of
problem (D) and, conversely, if p∗s ∈ Y ∗ is a solution of problem (D) then there is a primal function us ∈ V with
−Λus ∈ ∂(F∗ ◦ (−ΛT))(p∗s + r f ∗s ) such that (us, p∗s ) is a solution of problem (M).
The change of dualization direction from primal to dual for the composition duality principle of primal stationary
mixed problem (M) obeys its application for well-posedness and convergence analysis of mixed finite element
schemes associated with evolution mixed problem (M). Indeed, dual compatibility condition (CΛT) is a natural
property satisfied by most primal mixed models in mechanics and, additionally, it is a fundamental property for
stable mixed finite elements [9–11]. We also note that a primal approach in this case would require Λ-surjectivity as
the stationary compatibility condition, which in most applications is not satisfied.
Example 1. A representative evolution mixed model from mechanics is the distributed control diffusion
problem
du/dt − divw = −p∗,
K−1w = grad u,
u ∈ ∂φ∗(p∗),
 in Ω × (0, T ),
set in a spatial bounded domain Ω ⊂ Rn, n ∈ {2, 3}, with a Lipschitz continuous boundary ∂Ω , and time interval
(0, T ), T > 0. Physically, u denotes the mass concentration or temperature field of a diffusion process controlled
by a distributed source p∗, with flux vector w, a symmetric positive definite diffusion tensor K, and a monotone
subdifferential dual control mechanism ∂φ∗ [12]. As Dirichlet and Neumann boundary conditions, let d̂ and ĥ
be prescribed functions on disjoint and complementary parts ∂ΩD × (0, T ) and ∂ΩN × (0, T ) of the boundary,
respectively. Also, let u0 be a given initial condition in Ω . We shall assume that the Dirichlet boundary data is
homogeneous,
d̂ = 0 on ∂ΩD × (0, T ),
in order to satisfy the dual data range condition g ∈ L p(0, T ;R(Λ)). Then, the primal mixed variational formulation
of the evolution control problem follows as usual by integration and application of Green’s formula to its divergence
primal equation, and by considering the variational inequality of the distributed control dual subdifferential equation
(see Remark 4.1 of [2]).
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Find u ∈ L2(0, T ; H10,D(Ω)) with du/dt ∈ L2(0, T ; (H10,D(Ω))∗),

































〈q∗ − p∗, u〉H10,D(Ω)dt, ∀q
∗ ∈ L2(0, T ; (H10,D(Ω))∗),
u(0) = u0.
(Mcd)
Here, the primal space H10,D(Ω) = {v ∈ H1(Ω) : γ v = 0 a.e. on ∂ΩD} is a closed subspace of the Sobolev Hilbert
space H1(Ω) = {v ∈ L2(Ω) : grad v ∈ L2(Ω)}, with surjective Dirichlet trace operator γ ∈ L(H1(Ω), H1/2(∂Ω)),
Φ∗ : (H10,D(Ω))∗ → R ∪ {+∞} is the control dual superpotential, conjugate of the primal convex superpotential
Φ(·) = ∫Ω φ(·)dΩ : H10,D(Ω) → R ∪ {+∞} assumed to be proper and lower semicontinuous, and 〈·, ·〉H10,D(Ω) and
〈·, ·〉H1/2(∂ΩN ) denote the duality pairings of (H10,D(Ω))∗ × H10,D(Ω) and H−1/2(∂ΩN ) × H1/2(∂ΩN ), respectively.
Moreover, the data is such that K−1 ∈ L∞(Ω) is a uniformly positive definite symmetric tensor, d̂ = 0 ∈
L2(0, T ; H1/2(∂ΩD)), ĥ ∈ L2((0, T ); H−1/2(∂ΩN )) and u0 ∈ L2(Ω). Hence, by inspection, distributed control
diffusion variational problem (Mcd) can be identified with the abstract mixed problem (M) of the theory under the
field and functional framework relations
u ∈ V ∼ u ∈ L2(0, T ; H10,D(Ω)),
p∗ ∈ Y∗ ∼ (w, p∗) ∈ L2(0, T ;L2(Ω))× L2(0, T ; (H10,D(Ω))∗),
as well as the operator and function relations
Λu ∼ (grad u, u), ∂F(u)− f ∗ ∼ ∂0(u)+ γ T∂ΩN ĥ,
ΛT p∗ ∼ gradTw+ p∗, ∂G∗(p∗)+ g ∼ (K−1w, ∂Φ∗(p∗)).
Thus, in this example, the primal operator ∂F is the zero subdifferential ∂0 : H10,D(Ω) → {0} ⊂ (H10,D(Ω))∗
with dual ∂F∗ the zero-indicator subdifferential ∂ I{0} : (H10,D(Ω))∗ → 2H
1
0,D(Ω), the coupling operator Λ
is the gradient–identity operator (grad, I ) ∈ L((H10,D(Ω)),L2(Ω) × H10,D(Ω)) with transpose ΛT the operator
(gradT, I ∗) ∈ L(L2(Ω) × (H10,D(Ω))∗, (H10,D(Ω))∗), and the dual operator ∂G∗ is the dual diffusion–control
operator (K−1, ∂Φ∗) : L2(Ω) × (H10,D(Ω))∗ → L2(Ω) × 2H
1
0,D(Ω) with primal ∂G the diffusion–control operator




. Therefore, assuming the corresponding primal evolution
compatibility condition (CG,Λ) that turns out to be
intD(Φ) 6= ∅, (CG,Λcd )
the primal evolution composition duality principle of Theorem 1 applies and, then, control diffusion problem (Mcd)
is solvable if, and only if, its primal evolution problem (Pcd) is solvable. On the other hand, regarding the stationary
control diffusion problem (Mcd), the compatibility condition (CΛT) results as
gradT ∈ L(L2(Ω), (H10,D(Ω))∗) is surjective, (CΛTcd )
which, assuming the Dirichlet boundary ∂ΩD 6= ∅, is satisfied. Indeed, in such a case, the equivalent transpose
condition (CT
ΛTcd
)grad ∈ L((H10,D(Ω)),L2(Ω)) is bounded below, holds true (see Subsection 4.1 of [2]), and the
composition duality principle of Theorem 2 is valid: problem (Mcd) has a solution if, and only if, its dual stationary
problem (Dcd) has a solution.
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3. Dual evolution mixed variational inclusions
In this section, we proceed to establish the composition duality principles for dual evolution mixed variational
inclusions. Now the evolution of the problem is governed by the dual inclusion of the mixed formulation. Hence,
keeping the notation of the previous section in force, we consider the following as a dual evolution problem.
Given − f ∗ ∈ L p(0, T ;R(−ΛT)), g ∈ Y and p∗0 ∈ Z∗, find (u, p∗) ∈ V × X ∗ :
−ΛT p∗ ∈ ∂F(u)− f ∗, in V∗,
Λu ∈ dp∗/dt + ∂G∗(p∗)+ g, in Y,
p∗(0) = p∗0 .
(M∗)
Here, R(−ΛT) ⊂ V ∗ denotes the range of the transpose operator −ΛT and Z∗ is the Hilbert pivot space for the dual
space Y ∗; i.e., Y ∗ ⊂ Z∗ ' Z ⊂ Y with continuous and dense embeddings. Furthermore, we define the dual solution
space X ∗ = {q∗ : q∗ ∈ Y∗, dq∗/dt ∈ Y} ⊂ C(0, T ; Z∗) normed by ‖q∗‖X ∗ = ‖q∗‖Y∗ + ‖dq∗/dt‖Y .
For the dual analysis of evolution mixed problem (M∗), we introduce the dual evolution compatibility condition
intD(F∗) ∩R(−ΛT) 6= ∅, (CF∗,−ΛT )
which implies the compositional operator equality [1]
∂(F∗ ◦ (−ΛT)) = −Λ∂F∗ ◦ (−ΛT). (1∗)
Then, by dualization, the following composition duality principle holds.
Theorem 1∗. Let condition (CF∗,−ΛT) be fulfilled. Then dual evolution mixed problem (M∗) is solvable if, and only
if, the dual evolution problem
Given − f ∗ ∈ L p(0, T ;R(−ΛT)), g ∈ Y and p∗0 ∈ Z∗, find p∗ ∈ X ∗ :
0 ∈ dp∗/dt + ∂G∗(p∗)+ ∂(F∗ ◦ (−ΛT))(p∗ + r∗f ∗)+ g, in Y,
p∗(0) = p∗0,
(D)
is solvable, where r∗f ∗ ∈ Y∗ is a fixed −ΛT-preimage of function f ∗. That is, if (u, p∗) ∈ V × X ∗ is a solution of
problem (M∗) then dual function p∗ is a solution of problem (D) and, conversely, if p∗ ∈ X ∗ is a solution of problem
(D) then there is a primal function u ∈ ∂F∗(−ΛT p∗ + f ∗) ⊂ V such that (u, p∗) is a solution of problem (M∗).
Proof. Now the principle follows by considering the duality relation
−ΛT p∗ ∈ ∂F(u)− f ∗ ⇐⇒ u ∈ ∂F∗(−ΛT p∗ + f ∗) (2∗)
for the primal inclusion of problem (M∗) as well as equality (1∗) implied by (CF∗,−ΛT). 
It is important to stress that primal and dual evolution mixed inclusions (M) and (M∗) are not problems in duality.
They are two different mixed variational formulations that, in computational mechanics, may offer two alternative
formulations for a single evolution problem with some complementary numerical advantages (see Example 1,
Example 1∗ below). They may also be the natural mixed model for given evolution problems, for instance, time-
dependent Stokes flows or quasistatic viscoelastic deformations. Therefore, the relevance of Theorem 1∗ is to be a
dual alternative for qualitative analysis of evolution mixed problems.
For the qualitative analysis of the stationary problem of (M∗),Given − f
∗
s ∈ R(−ΛT), gs ∈ Y, find (us, p∗s ) ∈ V × Y ∗ :
−ΛT p∗s ∈ ∂F(us)− f ∗s , in V ∗,
Λus ∈ ∂G∗(p∗s )+ gs, in Y,
(M∗)
we introduce the primal compatibility condition
Λ ∈ L(V, Y ) is surjective, (CΛ)
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equivalent to the lower boundedness of the transpose ΛT ∈ L(Y ∗, V ∗). Then, by convex and compositional
dualization, the dual equation of problem (M∗) is characterized by (see Lemma 2.1 of [2])
Λus ∈ ∂G∗(p∗s )+ gs ⇐⇒ p∗s ∈ ∂G(Λus − gs)⇐⇒ ΛT p∗s ∈ ∂(G ◦ Λ)(us − wgs ), (3∗)
where wgs ∈ V is a Λ-preimage of function gs , and the following composition duality principle holds [2].
Theorem 2∗. Let condition (CΛ) be satisfied. Then dual stationary mixed problem (M∗) has a solution if, and only if,
the primal stationary problem{
Given − f ∗s ∈ R(−ΛT), gs ∈ Y, find us ∈ V :
0 ∈ ∂F(us)+ ∂(G ◦ Λ)(us − wgs )− f ∗s , in V ∗, (P)
has a solution. That is, if (us, p∗s ) ∈ V × Y ∗ is a solution of problem (M∗) then primal function us is a solution
of problem (P) and, conversely, if us ∈ V is a solution of problem (P) then there is a dual function p∗s ∈ Y ∗ with
ΛT p∗s ∈ ∂(G ◦ Λ)(us − wgs ) such that (us, p∗s ) is a solution of problem (M∗).
As mentioned previously, the change of dualization now from dual to primal for dual stationary mixed problem
(M∗) is due to the application of Theorem 2∗ in the analysis of dual mixed finite element approximations of evolution
mixed problem (M∗), for which compatibility condition (CΛ) is a natural property [9–11]. It should also be mentioned
that the dual condition of ΛT-surjectivity as a stationary compatibility is not fulfilled in most dual mixed mechanical
applications.
Example 1∗. Continuing with the distributed control diffusion problem of Example 1, we now consider its alternative
dual mixed formulation. We shall assume that both Dirichlet and Neumann boundary data are homogeneous,
d̂ = 0 on ∂ΩD × (0, T ) and ĥ = 0 on ∂ΩN × (0, T ),
in order to guarantee the primal data range condition − f ∗ ∈ L p(0, T ;R(−ΛT)). Then, the variational mixed
model follows by incorporating the boundary conditions to the gradient dual equation via Green’s formula, and by
considering the primal control subdifferential equation: p∗ ∈ ∂φ(u), in Ω × (0, T ).



























divw(v − u) dΩdt, ∀v ∈ L2(0, T ; L2(Ω)),
u(0) = u0.
(M∗cd)
For this dual mixed problem, the primal space H0,N (div;Ω) = {v ∈ H(div;Ω) : δv = 0 in H−1/2(∂ΩN )} is the
closed subspace of the usual Hilbert space H(div;Ω) = {v ∈ L2(Ω) : div v ∈ L2(Ω)}, with surjective Neumann
trace operator δ ≡ (·) ·n ∈ L(H(div;Ω), H−1/2(∂Ω)), and Φ is the control primal convex superpotential, assumed
to be proper and lower semicontinuous, but now defined in L2(Ω). Thus, dual evolution mixed problem (M∗cd) is an
(M∗)-type problem under the field and functional framework identifications
u ∈ V ∼ w ∈ L2(0, T ;H0,N (div;Ω)), p∗ ∈ Y∗ ∼ u ∈ L2(0, T ; L2(Ω)),
and the operator and function relations
Λu ∼ divw, ∂F(u)− f ∗ ∼ K−1w,
ΛT p∗ ∼ divTu, ∂G∗(p∗)+ g ∼ ∂Φ(u).
Therefore, in this dual mixed example, the primal operator ∂F is the dual diffusion operator K−1 ∈
L(H0,N (div;Ω), (H0,N (div;Ω))∗) with dual ∂F∗ the diffusion operator K ∈ L((H0,N (div;Ω))∗,H0,N (div;Ω)),
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the coupling operator Λ is the divergence operator div ∈ L(H0,N (div;Ω), L2(Ω)) with transpose ΛT the operator
divT ∈ L(L2(Ω), (H0,N (div;Ω))∗), and the dual operator ∂G∗ is the primal control subdifferential ∂Φ : L2(Ω) →
2L
2(Ω) with primal ∂G the dual control subdifferential ∂Φ∗ : L2(Ω) → 2L2(Ω). Moreover, the dual evolution
composition duality principle of Theorem 1∗ applies, since the corresponding compatibility condition (CF∗,−ΛTcd )
is trivially satisfied, establishing that the control diffusion problem (M∗cd) is solvable if, and only if, its dual evolution
problem (Dcd) is solvable. With respect to the stationary control diffusion problem (M∗cd), the compatibility condition
(CΛ) is given by
div ∈ L(H0,N (div;Ω), L2(Ω)) is surjective, (CΛcd )
which is well known to be satisfied. Consequently, according to the composition duality principle of Theorem 2∗,
problem (M∗cd) has a solution if, and only if, its primal stationary problem (Pcd) has a solution.
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